Computational Logic in the Era of Al Exercise 5.2

Sergey Mechtaev e Term 1 e 26-27 Definitions and environments

A proof of L. The environment A has the natural numbers as three primitive defini-
tions, and induction as a fourth:

N =1l : *¢ O0:=1:N s:=1:N-N
ind:=1L : TIP:N— x,. (Vn:N. (Pn=P(sn)))=Vn:N. Pn

In it, with the empty context, L has a proof. Every line follows by a rule, and the kernel
accepts it:

(1) ay:=An:N. Au:l.u : Vm:N. (L=> 1) V-in, =-in
(2) ap :=ind(An:N. L)a; : Vn:N. L TT-el, (conv), =-el
(3) a3:=a20: L V-el on 0

The same in Lean, with n + 1 for sn; the audit lists ind only.

axiom ind : V P : Nat —» Prop, (Vn, Pn—->P (n+1)) -V n, Pn
theorem wrong : False := ind (fun _ => False) (fun _ u =>u) 0 lines (1)-(3)
#print axioms wrong [ind]

(a) L has no proof, yet line (3) is one and the kernel accepts it. Why? Where exactly is
the mistake?

(b) Correct it. Which line of (1)-(3) then breaks, and what would you have to supply
there?

After Nederpelt & Geuvers, Type Theory and Formal Proof (CUP, 2014), Exercise 10.2(c). Lean: Exercises.lean,
section 11.

1 Definitions

e Primitive definition. a := 1L : N adds a constant with no body; it cannot be unfolded.
The kernel checks that N is a well-formed type. An audit lists the primitive constants left
after unfolding every descriptive one.

e Tl-el, V-el: from u:TIx:S.Pxand a:S, ua:Pa. =-el likewise.
e V-in: from M : Px under a flag x: S, Ax:S5.M :Vx:S.Px, closing the flag. =-in likewise.
e (conv): a term of type B may be used at any B’ =gs B. L :=Tla: *p. a.
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