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Who is teaching, and where to ask

WeChat group

人工智能时代的计算逻辑 26–27

Sergey Mechtaev
Lecturer

Sijie Liang
Teaching assistant

Computational Logic in the Era of AI 2 / 14



Mathematics Software Engineering

Artificial Intelligence

Lean

formal verification

AI for math AI for code

One language for code, proofs, and AI.



Can you trust AI?
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Lean’s foundation: the Curry–Howard correspondence

theorem S (p q r : Prop) :

(p → q → r) → (p → q) → (p → r) :=

fun f g a => f a (g a)

Theorem. For all propositions p, q, r:

(p→ q→ r)→ (p→ q)→ (p→ r)

Proof. λƒ .λg.λ. ƒ  (g). □

A proposition is a type; a proof is a term — so proof checking is type checking:  ⊢ t : A.
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The de Bruijn criterion: why a Lean proof is trusted

Computational Logic in the Era of AI 6 / 14



The criterion at scale: Fermat’s Last Theorem (2026)

big, clever, fallible

search for t
dozens of Claude agents, 11 days

13 million lines of Lean
29 500 intermediate theorems
about 6 billion output tokens

untrusted — and nobody read it

t

one term, 13 million lines

kernel

small, dumb, trusted
✓  ⊢ t : FermatLastTheorem
#print axioms: propext,
Classical.choice, Quot.sound

and the statement is Mathlib’s,
not one the search wrote itself

trusting FLT = trusting this box and three axioms

“. . . proves Fermat’s Last Theorem with no assumptions other than the axioms of mathematics.” — Kevin

Buzzard, on the checked proof. anthropic.com/research/formalizing-fermats-last-theorem, 4 Sept 2026.
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Small is not the same as correct

25 July 2026: an AI-assisted, sorry-free disproof of the Collatz conjecture — and the
kernel accepted it.

structure C where b : Bool
inductive W where | mk (b : Bool)
inductive T : Bool → Prop where | mk : T true
inductive L (α : Type) (b : Bool) where | mk -- α, b are phantom

-- pushed past the kernel with addDecl; the elaborator rejects it
inductive E : W → Type where

| mk (w : W) (l : L (E w) (w.1.1)) : E w -- w.1.1 : a C out of a W
-- L’s phantom parameters vanish from the generated auxiliary type,
-- so w.1.1 is never type-checked

theorem boom : False := nomatch (bad : T false) -- bad : T false, from E
#print axioms boom -- no axioms

“This is an implementation bug, not a hole in Lean’s meta-theory.”

Leonardo de Moura, postmortem for #14576. Photo: David Monniaux, CC BY-SA 4.0.
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Course content

What a proof is How proofs are built Correct programs AI in the loop

From  ⊢ t : A to a program that ships with a machine-checked proof.
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Why the course covers all of this

def bonus (x : Nat) : Nat :=
if x % 2 == 0 then 2 * x else x

def score : List Nat → Nat
| [] => 0
| x :: xs => bonus x + score xs

theorem score_append (l : List Nat) (x : Nat) :
score (l ++ [x]) = score l + bonus x := by

induction l with
| nil => simp [score]
| cons y ys ih => simp [score, ih]; omega

def scoreInto (xs : List Nat) : StateM Nat Unit

requires s => s = 0
ensures _ s => s = score xs

:= do
for x in xs invariant pref _ s => s = score pref do

modify (· + bonus x)

where finally
| spec =>

case vc1 => simp_all [score]
case vc3 => simp_all [score_append]

The scoring rule
Every item scores its value,
and even items count double;
a list scores the total.

a lemma, proved by induction

a monad

the contract

the loop invariant

tactics
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Phase I — What a proof is L1–L3

What exactly is  ⊢ t : A, and why is checking it decidable while finding t is not?

Theory

in Lean

Rules, derivations,
untyped λ

λ→: the judgement,
the three problems

The λ-cube;
propositions as types

inductive Term,
a β-reducer

a type checker
for λ→

theorem is def;
proof terms, scripts

L1 L2 L3
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Phase II — How proofs are built L4–L7

Definitions, inductive types, equality, automation: the machinery between a
judgement and a usable proof.

Theory

in Lean

Definitions, λD,
the trusted core

Inductive types
and CIC

Equality; sets
as predicates

Rewriting, decision
procedures

#print axioms,
sorry

induction,
recursors

rw, calc,
PS, Subtype

simp, omega,
grind

L4 L5 L6 L7
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Phase III — Correct programs L8–L14

What is a specification, and how does a program come to satisfy one — pure,
effectful, looping, and finally contract-annotated?

Theory

in Lean

Specification,
refinement

Effects, monads,
state

Hoare logic:
the triple

Weakest
preconditions

Loops, invariants,
variants

Verification-
condition generation

Contracts as
the interface

a verified sort;
plausible

StateM, do,
Except

the triple as
a definition

MiniWP,
from scratch

the loop rule
and its proof

Std.Do,
mvcgen

requires /
ensures

L8 L9 L10 L11 L12 L13 L14
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Phase IV — AI in the loop L15

Where does a generator help, where does the kernel filter, and where can a
verified claim still be false?

Theory

in Lean

Search vs check
Symbolic search:
premise selection

Neural proof
search

Autoformalization
Trust and
the TCB

an open goal vs
the #check

hammers,
exact?

LLM tactic
agents

a vacuous spec,
closed by trivial

#print axioms
on the project
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